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exist exist without phononswithout phonons



Free electrons in a random potential

extended

localized

mobility edge

Fermi level

thermal population of
extended eigenstates

all eigenstates are localized





Anderson  
Model

j i
IijIij =

-W < εi <W
uniformly 
distributed

I < Ic I > Ic
Insulator 

All eigenstates 
are localized

Metal
There appear states 

extended all over the system

Anderson  Anderson  
Transition:Transition:

Iij ={I   i and j are 
nearest neighbors

0 otherwise

• Lattice - tight binding model
• Onsite energies  εi - random
• Hopping matrix elements Iij

At I>Ic there will be 
always level 
mismatched
from given by

and the resonance 
transport will occur

In fact, i,j can be states 
in any space

(not necessarily coordinate)



d=1: all states are localized
d=2: the same
d=3: mobility edge

Free electrons
+ disorder:



d=1: all states are localized
d=2: the same
d=3: mobility edge

Free electrons
+ disorder:

all states 
are
localized

DoS

increase
disorder

DoS DoS

Single-band Anderson model (d>2)

Fermi 
level

Main assumption: all states are localized

Anderson
transition
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Phonon-induced 
hopping

α

β

phonon

phβ αξ ξ ω− =

Bath – Phonons
Continuous spectrumContinuous spectrum !

phω energy 
difference 
can always 
be matched 
by a phonon



( )
( )1 1

exp
d

T T
T

ζγ δ
σ

+⎡ ⎤⎛ ⎞
⎢ ⎥∝ − ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

Mott’s variable 
range hopping:

Universal for any bath, provided 
that it has  a continuous spectrum 
of delocalized excitations down to 
zero energy and no Coulomb gap!

T ζδ=

where: ( )d
locζδ νζ≡

model-dependent
prefactor

Phonon-induced 
hopping

α

β

phonon

phβ αξ ξ ω− =

Bath – Phonons
Continuous spectrumContinuous spectrum !

phω

loc

d

ν

ζ
electronic DoS:
localization length

# of dimensions



Can hopping conductivity Can hopping conductivity 
exist exist without phononswithout phonons
1. Temperature is finite
2. All one-particle states are localized
3. Electrons interact with each other
4. They are isolated from the outside world

Does DC conductivity Does DC conductivity 
vanish or it is finite.vanish or it is finite.



Does AC conductivity Does AC conductivity 
vanish or it is finitevanish or it is finite

Can Can plasmonsplasmons (e(e--h h 
excitations) play the excitations) play the 
role of phononsrole of phonons



Phonon-induced 
hopping

α

β

phonon

phβ αξ ξ ω− =

Bath – Phonons
Continuous spectrumContinuous spectrum !

phω
energy 
difference 
can always 
be matched 
by a phonon

α

β

plasmon

phβ αξ ξ ω− =

phω

PlasmonsPlasmons are are 
localized as well localized as well 
as electronsas electrons

Their spectrum Their spectrum 
is locally is locally 
discretediscrete



Q: Can we replace phonons with 
e-h pairs and obtain phonon-less VRH?

A#1:  Sure [a person from the street (2005)]: 

A#2: No way
(for Coulomb interaction in 3D – may be)

[L. Fleishman. P.W. Anderson (1980)]

is contributed by rare 
resonances 

δ
α

βγ

R

0 *

Thus, the matrix element vanishes !!!



Q: Can we replace phonons with 
e-h pairs and obtain phonon-less VRH?
A#1:  Sure [a person from the street (2005)]: 
A#2: No way [L. Fleishman. P.W. Anderson (1980)]

A#3:  Finite T MetalMetal--Insulator TransitionInsulator Transition

insulator

Drude

metal

[Basko, Aleiner, Altshuler (2005)]

interaction strength
short range



Finite temperature 
metal-insulator transition 
without changing any 
spatial symmetry



0σ = Physics: Many-excitations excitations 
turn out to be localized in the Fock space



Anderson localization in the many-body 
Fock space

many-body Fock states

e-e interaction

metal-insulator transition

sites with random energies

coupling between sites

Anderson transition

sites with random energies

coupling between sites

Anderson transition

. . . .

1 3 5 . . . .
α α β γ α β γ δ ϕξ ξ ξ ξ ξ ξ ξ ξ ξ⇒ + − ⇒ + − + − ⇒

(inelastic lifetime)–1



Starting Point: Disorder + Interaction

( )rαφ r localized  
single-particle 
eigenfunctions

ζ localization  
length

Main energy scale

dνζ
δζ

1
≡ Energy spacing 

between the states 
localized  nearby

ν one-electron 
density of states



We have to take into account that
1. A one-electron wave function decays 

exponentially as a function of the distance 
from its center.

2. There is level repulsion for the states 
localized nearby

3. Matrix elements of the interaction decay 
(probably as a power law) when differences 
between the energies of involved 
quasiparticles is increased. 

4. These matrix elements have random sign.
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Need a model with small parameters



ζ localization  
length

Main energy scale

dνζ
δζ

1
≡

Energy spacing 
between the states 
localized  nearby

ν one-electron 
density of states

Model with small parameters
Interesting physics at T ζδ?



1 d
locζδ ζ

ν
=

localization
volume

Weak short-range e-e interaction

DoS
per unit volume

dimensionless
interaction
strength (<<1)

level
spacing

spatial cutoff

Matrix elements between localized wave functions:

energy cutoff

( ) ( )V r r r rλ δ
ν

′ ′− = −
r r r r

Vαβγδ
Vαβγδ



Quantum dot Localization volume

Energy cutoff
compare

Vαβγδ δ Vαβγδ ζ
δ

1TEg
δ

≡ ? 1g :



ζ

O

ρ
ρ

ζ



{ } ( ), jjρ ξ ρr r

ζ

O

ρ
ρ

ζ

ξ

dνζ
δζ

1
≡

No spins



{ } ( ), jjρ ξ ρr r

ζ

O

ρ
ρ

ζ

ξ

dνζ
δζ

1
≡

No spins

ar

( ) ( ) ( ) ( )†
0

, ,

ˆ ˆ ˆ ˆl l l m
l a m

H c c I c aζ
ρ

ρ ξ ρ ρ δ ρ
⎡ ⎤

= + +⎢ ⎥
⎣ ⎦

∑ ∑r r

r r r r r



ξ
j1

j2

l1

l2



ξ
j1

j2

l1

l2

Interaction only within the same cell;  
no diagonal matrix elements

( ) ( ) ( ) ( ) ( )1 2

1 2 1 2 1 2

1 2 1 2

, † †
int ,

; , ; ,

1ˆ ˆ ˆ ˆ ˆ
2

j j
l l l l j j

l l j j
V V c c c c

ρ

ρ ρ ρ ρ ρ= ∑r

r r r r r



Effective Anderson Model? 
Not yet : 
What do we know about  matrix elements?
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( ) ( ) ( ) ( )†
0

, ,

ˆ ˆ ˆ ˆl l l m
l a m

H c c I c aζ
ρ

ρ ξ ρ ρ δ ρ
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= + +⎢ ⎥
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∑ ∑r r

r r r r r

Effective Anderson Model? 
Not yet : 
What do we know about  matrix elements?

j
lσ Random 

signs

( ) ( ) ( ) ( ) ( )1 2

1 2 1 2 1 2

1 2 1 2

, † †
int ,

; , ; ,

1ˆ ˆ ˆ ˆ ˆ
2

j j
l l l l j j

l l j j
V V c c c c

ρ

ρ ρ ρ ρ ρ= ∑r

r r r r r

( )
1 2

1 2 1 1 2 21 2

1 2

,
, 1 22

j j
l l j l j lj j

l lV l lζ
ζ ζ

σ σ ξ ξ ξ ξ
λδ

δ δ
⎛ ⎞ ⎛ ⎞− −

= ϒ ϒ − ↔⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

( ) 1; 1
2
Mx x Mθ

λ
⎛ ⎞ϒ = − <⎜ ⎟
⎝ ⎠

=



Parameters: 1, , 1I Mλ − =

( ) ( ) ( ) ( )†
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, ,
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correct behavior of the tails
of one particle wavefunctions

Weakly connected grains?
Different problem?



Technique

Self-
Consistent

Born
Approximation

Boltzmann
Equation







Idea of the calculation:
1. Start with some infinitesimal width Γb (Im part of 

the self-energy due to a bath) of each one-electron 
eigenstate

2. Consider Im part of the self-energy Γ in the 
presence of tunneling and e-e interaction. 

3. Calculate the probability distribution function P(Γ)

4. Consider the limit: ( ) ( )00;
lim

b

P P
Γ → Ω→∞

Γ ≡ Γ

Ω is the 
volume of 
the system



Idea of the calculation:
1. Start with some infinitesimal width Γb (Im part of 

the self-energy due to a bath) of each one-electron 
eigenstate

2. Consider Im part of the self-energy Γ in the 
presence of tunneling and e-e interaction. 

3. Calculate the probability distribution function P(Γ)

4. Consider the limit: ( ) ( )00;
lim

b

P P
Γ → Ω→∞

Γ ≡ Γ

( ) ( )
0 0 0

P
for

δ= Γ
Γ

≠ Γ ≠
- insulator
- metal

Ω is the 
volume of 
the system



What to calculate?

ξδ+ξγ-ξβ

η→0
metal

insulator

– random quantity

metal
insulator

∼ η hΓi=hΓi

behavior for a
given realization

probability distribution
for a fixed energy

(Anderson, 1958)

working 
criterion: ( )

0

0
0

0
met
insula

a
t

l
P

orlimlim
η Ω

Γ
→ →∞ =

>
≠



How to calculate?How to calculate?

Self Consistent Born Approximation

allow to select the 
most relevant seriesParameters: 1, , 1I M λ− =

non-equilibrium (arbitrary occupations) → Keldysh



after standard simple tricks:

+ kinetic equation for occupation function 

Nonlinear integral equation with random coefficients

Decay due to tunneling 

Decay due to e-h pair creation



• is always a solution
• – linear stability analysis:

• after      iterations of SCBA equations:

Stability of the insulating phase:
NO spontaneous generation of broadening

first
then



About Cayley tree: Not more than one path 
between any two sites!

( ) 1n , jρ = ± occupation 
number

( ){ } ( ){ }n , j n , jρ ρ→ % Large factorial # 
of pathes

But # of states gets 
factorially reduced !

Yes, but not at the transition point, where there 
is only one path

Cancellation?



Self-
Consistent

Born
Approximation

Boltzmann
Equation

ln12 1ln expc

c

IT
c

M
T

ζ

ζ

δλ
δ λ

⎡ ⎤⎛ ⎞ = ⎢ ⎥⎜ ⎟
⎝ ⎠ ⎣ ⎦

Transition temperature:



•

(levels well resolved)•

• quantum kinetic equation for transitions between
localized states

(model-dependent)

as long as

Stability of the metallic phase:
Finite broadening is self-consistent



( )
2 216

elT
Md
ζδ

π λ
=

( )

6
inT

M
ζδ

π λ
=

( )( ) ( )2 2in inδΓ = Γ ( )( ) ( )2 2el elδΓ = Γ

ln12 1ln expc

c

IMT
T

ζ

ζ

δλ
δ λ

⎡ ⎤⎛ ⎞ = ⎢ ⎥⎜ ⎟
⎝ ⎠ ⎣ ⎦

Tc :



Probability Distributions
“Non-ergodic” metal [discussed first in AGKL,97]



( )
2 216

elT T
Md
ζδ

π λ
=?

( )

6
inelT T T

M
ζδ

π λ
=? ?



Lorentz number



Many-body mobility edge

Large Ek ⇒ high T: extended states
interaction → dephasing → cutoff of WL 
(good metal)

transition→

Why no activation?

mobility 
edge

Fermi Golden Rule 
hopping (bad metal)
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Many-body mobility edge

Large Ek ⇒ high T: extended states
interaction → dephasing → cutoff of WL 
(good metal)
Fermi Golden Rule 
hopping (bad metal)

No activation:
2

2

c
c d

d

TE

T
m

E
volu eζ

ζ

δ ζ

δ ζ

∝

×
∝

, c vE eE olum∝
( )

exp 0volume
cE T E

T → ∞

⎛ ⎞−
⎯⎯⎯⎯→⎜ ⎟

⎝ ⎠

transition→
mobility 
edge



Conclusions & Some speculations
Conductivity exactly vanishes at finite 
temperature. Finite temperature phase transition 
without any apparent symmetry change!
Is it an ordinary thermodynamic phase transition 
or low temperature phase is a glass?

We considered weak interaction. 
What about strong electron-electron interactions?
Melting of a pined Wigner crystal?

What if we now turn on phonons? 
Cascades.
Is conventional hopping conductivity picture ever 
correct?


